Abstract: We analyse in detail the phenomenological implications for lepton masses and mixing derived by the breaking of the discrete symmetries A 5 × CP into the subgroups Z 2 × CP in the neutrino sector and Z 5 in the charged lepton sector. We derive accurate analytic expressions for the sum of the neutrino masses Σ i m i as well as for the effective Majorana masses m β and m ββ under different hypotheses for the flavon vevs and compare them with the exact numerical results obtained from the diagonalization of the neutrino mass matrix.
Introduction
The discovery of neutrino oscillations by Super-Kamiokande in 1998 [1, 2] was the indisputable proof that neutrinos are massive and that their mass states are a non-trivial combination of flavour states; a possibility first concocted by Bruno Pontecorvo in 1957 [3] . Since then, a great experimental effort has been made in order to measure and understand the properties of these elusive particles. From the theoretical perspective, it represents the first evidence of physics beyond the Standard Model (SM) since, with the SM ingredients, a mass term for neutrinos cannot be written due to three well-known reasons: the SM does not contemplate right-handed (sterile) neutrinos nor scalar triplets under SU (2) L nor nonrenormalizable operators. Massive neutrinos introduce a new set of parameters associated with their mixing and masses. In particular, the Pontecorvo-Maki-Nakagawa-Sakata matrix (U PMNS ) (analogous to the CKM in the quark sector) [3] [4] [5] [6] can be interpreted as the transformation connecting the weak and mass neutrino eigenstates. Under the assumption of neutrinos as Majorana (Dirac) particles, it can be parametrized in terms of three angles plus three (one) phases: the solar, atmospheric and reactor angles {θ 12 , θ 23 , θ 13 }, the Dirac phase δ and two Majorana phases {α, β}. On the other hand, neutrino experiments are not sensitive to absolute neutrino masses but only to squared mass differences. Many of these parameters have been measured and, contrary to what is observed in the coloured sector, neutrinos seem to exhibit a greater degeneracy in masses and admixture among generations. Many approaches have been employed in the task of uncovering the origin (if any) of these peculiar patterns of masses and mixing. One of the most appealing proposals is that of considering a flavour symmetry spontaneously broken at high energies by the non-zero vacuum expectation value (vev) of some scalar fields, commonly named flavons [7] . Indeed, for the leptonic sector where the mixing texture seems to be specially well defined, the use of discrete groups has been particularly popular [8] [9] [10] . Moreover, motivated by the fact that the Majorana neutrino mass matrix is always invariant under a Klein group Z 2 × Z 2 , one may go a step further and assume that the breaking of the family symmetry G for leptons occurs in such a way that some residual subgroups remain conserved in each sector, G ν , G e ⊆ G . The natural choice for neutrinos is obviously the Klein group whereas, for charged leptons, an Abelian subgroup of the initial group that distinguishes between generations is the required option [11] . This type of framework can determine all three mixing angles and the Dirac phase from symmetric principles, if the left-handed (LH) leptons transform as one of the triplet irreducible representation of the original flavour group. A variation of this setup reduces the symmetry in the neutrino sector and considers the direct product of a Z 2 subgroup of G and CP as residual symmetry. This choice determines all physical phases and mixing angles in terms of a single real parameter θ. In particular, the small value of the θ 13 may be well accommodated in terms of it. Although this formulation does not constrain lepton masses neither the free parameter θ, which must be achieved in concrete models or fitted to reproduce the experimental data, testable relations between mixing angles and phases can be derived. Also Majorana phases are predicted. This approach has been implemented for several family symmetries, see for instance .
Here we aim to study in detail this type of configuration for the flavour group A 5 × CP. We will discuss explicit realizations for the neutrino mass spectrum providing relations among the mixing angles and masses. Also predictions for the Majorana effective masses will be derived. The paper is organised as follows: in Section 2 we review the main results from [12] regarding lepton mixing and compute the structure of the neutrino masses and flavon vevs which are symmetric under the considered residual symmetry; Section 3 is devoted to obtain analytic relations for the neutrino phenomenology, based on perturbation theory; in Section 4 we perform a numerical scan to evaluate the validity of the analytical results and extract estimations for the Majorana effective masses; we conclude in Section 5 summarising the most important results and providing additional remarks.
Lepton description from A 5 and CP
The alternating group A 5 describes the even permutations on five elements [8] . It has 60 elements and five conjugacy classes, thus five irreducible representations are possible: one singlet 1, two triplets 3 and 3 , one tetraplet 4 and one pentaplet 5. All elements in the group can be written in terms of two generators, s and t, that satisfy: s 2 = e, t 5 = e and (st) 3 = e, (2.1)
with e the neutral element of the group. In the 3 representation, the generators s and t can be taken as 1
with ϕ = (1 + √ 5)/2 ≈ 1.62 the Golden Ratio (GR) and Φ = 2π/5. The generators in the 1, 3 , 4 and 5 representation are collected in Appendix A.1. Several subgroups are present in A 5 : fifteen elements associated with a Z 2 symmetry, which additionally produces five possible Klein subgroups Z 2 × Z 2 , ten Z 3 transformations and six Z 5 subgroups. Combinations of them can be considered as residual symmetries for charged leptons and neutrinos, once the initial family symmetry is spontaneously broken. Here we are interested in the direct product of A 5 and CP, which modifies the standard GR Mixing coming from pure A 5 [37] and introduces a continuous variable θ which parametrizes this departure. The CP transformation corresponds to an automorphism of the flavour group [14, 38, 39] that in general acts non-trivially on the flavour space [39] [40] [41] [42] and can be chosen as a unitary and symmetric matrix X [13] . Its action must be consistent with the group transformations so (X −1 A X) = A (2.3) must be fulfilled for A, A ∈ A 5 . In particular, A = A in the case of A 5 so that the transformation is an isomorphism. The condition given in Eq. (2.3) is invariant under a change of basis defined as
with Ω unitary. The discussion about the combinations of residual symmetries of A 5 ×CP that accommodate well the observed oscillation parameters has been performed in [12, 26, 27] . It has been found that, for lepton SU (2) L -doublets in the 3 representation of A 5 , only four possibilities reproduce the mixing angles in the allowed 3 σ confidence region: two mixing patterns emerged from the case G e = Z 5 , one from G e = Z 3 and another from G e = Z 2 × Z 2 ; in the neutrino sector, the direct product of Z 2 and CP was always assumed. In [12] , the combinations of symmetries were expressed as tuples of generators Q of G e , Z of Z 2 and X of CP. Here we are interested in the case G e = Z 5 and we consider as representative tuple The form of X 0 in other representations is shown in Appendix A.1. Notice that the generalised CP transformation defined by Eq. (2.6) corresponds to a µτ reflection plus the canonical CP transformation, X c = 1. Applied on the neutrino sector, it invokes the permutation of a muon neutrino (antineutrino) to a tau antineutrino (neutrino) and generates a maximal atmospheric mixing, since the second and third rows of the U PMNS must have the same absolute values. The tuple in Eq.(2.5) reproduces the phenomenology of Case II in [12] , for which the best fit point (BFP) gives θ bf = 0.175. (2.7)
which defines the following texture for the neutrino mass matrix:
The parameters s, x, y and z are dimensionless and reals and m 0 is the absolute neutrino mass scale. Notice that in the limit y → 0 the neutrino mass matrix is invariant under the µ − τ symmetry. The invariance of Eq. (2.3) under a change of basis as in Eq. (2.4) (now with A = Z since we are considering G ν = Z 2 × CP) ensures that Z can be always taken diagonal and X canonical simultaneously. Because of that, one may prove that the mass matrix in Eq. (2.11) is diagonalized by [13] U PMNS = Ω II R 13 (θ)K ν , (2.12) where the unitary matrix Ω II encondes the basis transformation related to the GR mixing completely diagonalises M ν . The size of the angle θ is entirely determined by the elements of the block-diagonalised matrix. In our case:
tan 2θ = 2 √ 7 + 11ϕ y 2x(ϕ + 1) + z(2ϕ + 1)
. (2.15)
As expected, the value of θ is independent of the overall sign in neutrino mass matrix M ν . Finally, K ν in Eq. (2.12) is a diagonal matrix with entries {±1, ±i} needed to have positive mass spectrum. Eqs. (2.12)-(2.15) allow us to compute explicitly the U PMNS . Using the standard parametrization detailed in Appendix B, the mixing angles and CP phases can be inferred. For instance, from Eq. (B.3), we observe that the atmospheric angle is fixed to be maximal, as anticipated before from considerations on the generalised CP transformation. Similarly, the reactor angle turns out to be related to the internal angle θ through the relation Inserting the best fit value for θ 13 in Eq. (2.19), we get sin 2 θ 12 ≈ 0.283, which is within the 3 σ allowed range, see Table 2 . The Jarlskog invariant is [44] J CP = Im U 11 U * The Dirac phase δ can be computed from J CP as usual, see Eq. (B.5), and is maximal in this case, | sin δ| = 1. Since we are not imposing any constraints on δ and the quantity tan 2θ sin 2θ up to first order in θ, the sign of J CP is related to the sign of θ and hence we expect two solutions. The other CP invariants I 1 and I 2 are defined as so that the Majorana phases, α and β, can be extracted from Eqs.(2.21) and (2.22) . As I 1 and I 2 exactly vanish in this case, α and β are zero or π. The neutrino masses can be obtained from the diagonalization of M ν as Expressions for the atmospheric and solar mass differences are not difficult to obtain from Eq. (2.24) as ∆m 2 21 = m 2 2 − m 2 1 and ∆m 2 3 = m 2 2 − m 2 with = 1 for Normal Ordering (NO) and = 2 in the case of Inverting Ordering (IO). However they are rather cumbersome and we omit them here. Finally, since the neutrino is assumed to be a Majorana particle, it could be involved in 0νββ processes. With our convention of the U PMNS in (B.1), the effective mass is given by (2.24) , one may note that all mixing angles and masses are invariant under the replacement θ → −θ and, similarly because of Eq. (2.15), under the exchange y → −y. Also, they are independent of the overall sign in the mass matrix, i.e. {s, x, y, z} → −{s, x, y, z}. Therefore we expect at least two pairs of solutions ±{s, x, ±y, z} for each point of the parameter space compatible with the experimental data.
Flavon vevs
The structure of the vacuum expectation values (vev) of the neutrino flavon fields φ ν,r in a given representation r ∈ A 5 can be computed from the invariance relation under G ν = Z 2 ×CP. The equations for the positive eigenvalue(s) of Z and X 0 in the representation r tell us φ ν,r = Z r φ ν,r , (2.27) φ ν,r = X 0,r φ ν,r , (2.28) with Z r and X 0,r as in Eqs. (A.1) and (A.2). Inserting them in Eqs. (2.27) and (2.28) , the flavon vevs are constrained to assume the general structure
φ ν,4 T = (y r − iy i , (1 + 2ϕ)y r − iy i , (1 + 2ϕ)y r + iy i , y r + iy i ) (2.29d) φ ν,5 T = − 2 3 (x r + x r,2 ), −x r + iϕx i , x r,2 − ix i , x r,2 + ix i , x r + iϕx i (2.29e) where all the coefficients are reals. From Eq. (2.29), one may notice that a natural way to obtain a small value of θ ∝ y, as required by Eq.(2.17), is considering the following two-step symmetry breaking:
The first breaking could be due to y i , x r and x r,2 different from zero. Then, if y is proportional to one of the others vevs (v 1 , v, w, x i or y r ), it will remain zero under the Klein group and CP. If the second breaking is due to any of the other vevs, then it is at this point when y takes its non-zero value. However, if these two breakings occur at different scales, a natural suppression between y and the first vevs is expected.
Constraints on Neutrino Masses
In order to get testable predictions about the neutrino phenomenology, a reduction in the the number of independent parameters is desired. One of the simplest ways to do so is considering some of the flavon vevs equal to zero 2 . In this way, we are left with four observables (three neutrinos masses plus one mixing angle θ) and three parameters; thus, sum rules and verifiable correlations can be inferred. Neutrino masses are usually generated through the so-called dimension-5 Weinberg operator and several constructions exist that reproduce it. Under the assumption of single type of new additional particles to the SM spectrum, we are left with only three plausible realizations: type I, II and III see-saw models. Since we aim to discuss correlations within the mass spectrum and mixing angles, all these possibilities can be reduced to two: Mechanism I, which groups the Weinberg operator and type II see-saw; and Mechanism II, consisting of type I and III see-saw scenarios. Besides, for Mechanism II two possibilities are examined: Mechanism II-1 where the Dirac mass matrix is trivial, and Mechanism II-2 where the heavy Majorana mass matrix is trivial. Finally, one may scrutinize all possible field asignments under the flavor symmetry and see that for Mechanism I, identifying L ∼ 3 or 3 leads to the same conclusions, whereas for Mechanisms II-1 and II-2 there are just two independent choices, L, ν c ∼ 3 and L ∼ 3, ν c ∼ 3 . More details about this discussion can be found in Appendix C, where a diagram collecting all cases is depicted in Figure 5 with the selected scenarios for the analysis highlighted with a darker background.
Analytic Results
In this section we discuss the main features of the mechanisms described above. We derive analytical expressions for the mass spectrum and for the sum rule of the complex masses Σ (more details about the latter can be found in Appendix E). Then, we investigate the mass hierarchy and discuss the specific relations among the flavon vevs able to reproduce the correct mass splittings and mixing angles within the 3σ region. Finally, we make predictions for the Majorana phases, the sum of the neutrino masses, m ββ and m β . The adopted strategy is as follows: first, we obtain an expression for θ 13 and ∆m 2 31 < 0 (m 3 < m 1 < m 2 ) for IO; once this is done, we construct the corresponding ratio r = ∆m 2 21 /∆m 2 3 , = 1 (2) for NO (IO), and introduce an ansatz of proportionality between the two remaining parameters of M ν , i.e. s = kx; 4 finally, predictions for the sum rules, phases and effective masses are drawn when a natural expansion is possible. For our numerical evaluations we use the best fit values quoted in Table 2 for the mass splittings and mixing angles.
Mechanism I
In this case the lepton doublet transforms as a triplets of A 5 and the effective Weinberg operators generating the neutrino masses are
where, in agreement with the product rules given in Appendix A.2, only the singlet and pentaplet flavons contribute and the Yukawa couplings y 1,5 are real. After flavour and electroweak symmetry breaking, the mass matrix for the neutrinos M ν is given by Eq. (2.11) with:
Here y is proportional to x i , the pure imaginary part of the vev in the pentaplet flavon, and the absolute mass scale is given by
with H = 174 GeV the Higgs vacuum expectation value and Λ the UV cutoff energy scale. In the following we analyse the phenomenology for three independent subcases: z = 0, x = 0 and s = 0.
From Eqs. (2.15) and (2.16) we find that the best fit point in Eq. (2.7) implies a correlation among y and x given by: y ≈ ±0.19x; hence y is the correct expansion parameter if x ∼ O(1). The mass spectrum is obtained from Eq. (2.24) imposing z=0. Expressions for the solar and atmospheric mass differences are derived from them and they reveal that only 3 We identified in Eq.(2.17) y as the appropriate expansion parameter for our analytical estimates. Note that making θ13 numerically close to the experimental value requires a correlation among y and other parameters. 4 Here k is determined requiring r and θ13 to be in the 3σ range. The inferred ansatze are numerically verified. In the case of a small spread for k, we quote only the value that accommodates well θ13 and the ratio r .
the NO is acceptable provided that x > 0 ∧ s < −x or x < 0 ∧ s > −x. Expanding the mass spectrum up to O(y 2 ), the following sum rule can be extracted:
The Majorana phases are both vanishing and we find that the linear relation s = k x reproduces the experimental value of r 1 for k ∈ [−10 3 , −6]. In particular, k = −20 is quite a good ansatz and produces r 1 ≈ 1.28 sin
The sum of the neutrino masses is proportional to a non-trivial combination of r 1 and θ 13 such that:
Notice that, although the bound in Eq. (3.4) is perfectly compatible with the latest Planck data 5 , it is above the combined limit from Planck ⊕ BAO 6 [45] . Analytical expressions for m ββ and m β in terms of r 1 and θ 13 have also been computed, but they are quite cumbersome and we only quote here the numerical intervals derived in correspondence with the allowed range for k (and well confirmed by our full numerical estimates):
In this case the expression of tan 2θ is exactly equal to that quoted in Eqs. (2.15), since it does not depend on s, and the reactor mixing angle θ 13 can be read from Eq. (2.16).
At the best fit point, y/z ≈ ±1/10 must be fulfilled in order to reproduce the best fit value of θ 13 . Inspecting the mass spectrum, we find that the condition for reproducing NO is x < 0 ∧ 0 < z < −2x/ϕ or x > 0 ∧ −2x/ϕ < z < 0, which implies a z parameter unnaturally small; since this hierarchy does not respect the symmetry arguments stated in Section 2.2, we will not discuss it in more detail. For IO, we obtain x < 0 ∧ −2x/ϕ < z < −4 or x > 0 ∧ −4x < z < −2x/ϕ, which does not set a strong restriction on the magnitude of z. The mass spetrum expanded up to O(y 2 ) fulfills the exact sum rule [46] : 
In this case the relation y ≈ ±0.16z reproduces the best fit value for θ 13 , which justifies the expansion of the neutrino masses in the variable y. The mass spectrum can be obtained from Eq. (2.24) in the limit x → 0. A closer inspection to it indicates that only IO is allowed provided that z < 0 ∧ −z/4 < s < −z(ϕ + 3)/4ϕ or z > 0 ∧ −z(ϕ + 3)/4ϕ < s < −z/4. At 0-th order, the following sum rule is satisfied
The Majorana phases are both non zero, so α = β = π. A good ansatz to reproduce the experimental value of r 2 is s = k z with k ≈ −0.3, which gives r 2 ≈ −0.14 + 4.3 sin 2 θ 13 . Using the relations derived above and the correlation between s and z we obtain 
It gives rise to a mass matrix with the same structure of M ν in Eq. (2.11) but with elements that we tag using capital letters {S, X, Y, Z} and are directly related to the flavon vevs as 7
7 Notice that it is always possible to add in LM a direct mass term that can be reabsorbed into y1. Thus the parameter S changes as S → S + M/v, wherev is the scale of the heavy Majorana neutrinos.
The absolute scale of the mass matrix, which we choose as the scale of the heavy Majorana particles, is represented by v and defined as
The mass matrix for the light neutrinos can be computed using the usual see-saw relation
and it is formally equal to that in Eq. (2.11), although now the parameters {s, x, y, z} are defined in terms of intricate linear combinations of {S, X, Y, Z} that we do not report here. It is diagonalised by the U PMNS in Eq. (2.12) with the additional condition
The reactor angle is determined by Eq. (2.16) and, as tan 2θ ∝ Y , |Y | 1 is expected to be the correct expansion parameter. Because of Eq. (2.16), the reactor angle is invariant under θ → −θ, which includes Y → −Y (using the vev language x i → −x i ) by Eq. (3.18). The same happens for the neutrino masses, so at least two solutions {S, X, ±Y, Z} should generate the same phenomenology. Also the predictions for the mass spectrum and mixing angles are invariant under the replacement {S, X, Y, Z} → −{S, X, Y, Z}, i.e. independent on the overall sign of the mass matrix. Hence at least two pairs of solutions for each point in the observables space are predicted in total. In the following we will distinguish three independent subcases: Z = 0, X = 0 and S = 0. Thus, that possibility is not analysed in more detail. The NO is realised when for X > 0, X/2 < S < 2X or S > 2X, and when for X < 0, S < 2X or 2X < S < X/2. Including O Y 2 terms, the following mass sum rule is satisfied:
The ansatz S = k X with k = 1 and k = 44 reproduces the best fit values of r 1 and θ 13 . For S = X, m 1 /m 2 ≈ 1 and m 3 /m 2 ≈ 2 at LO while the Majorana phases are α = 0 and β = π. The case S ≈ 44X corresponds to a quasi-degenerate mass spectrum and both Majorana phases vanish. The sum of the neutrino masses in each case are For S = 44 X, where m ββ ≈ j m j /3, we have the lower bound m ββ 0.12 eV, which is also in tension with the latest limits on 0νββ decay provided by GERDA 8 [47] and CUORE 9 [48] .
Mechanism II a-1:
Here tan 2θ and the light neutrino masses at LO can be obtained from Mechanism I with x = 0 and the redefinition y → Y , z → Z and m j → m 
The following sum rule is fulfilled:
The experimental value of the ratio r 1 is reproduced with the ansatz S = kZ for k {−1/4, 1/3, 2/3}. Accordingly, m 1 /m 2 ≈ 1 and m 3 /m 2 ≈ √ 5 is obtained for k −1/4, m 1 /m 2 ≈ 1/2, m 3 /m 2 ≈ 13/2 for k 1/3 and m 1 /m 2 ≈ 1/3 and m 3 /m 2 ≈ 9/2 for k 2/3. The Majorana phases are α = β = π when k {−1/4, 1/3} whereas α = π, β = 0 for k 2/3. Additional predictions can be made for the total sum of the light neutrino masses, m β and m ββ . We summarise them in a compact form defining 27) with the adimensional coefficients a and b reported in Table 1 . The last column of Table 1 refers to the value of the observable itself (obs).
Mechanism II a-1: S = 0
In this case tan 2θ and the light neutrino masses at LO are given by those of Mechanism I with s = 0 substituting x → X, y → Y , z → Z and m j → m the reactor mixing angle is reproduced for Y ≈ ±(0.19X + 0.16Z) and both orderings are in principle allowed: NO when Z > 0 ∧ −Z/4 < X < −ϕZ/2 or Z < 0 ∧ −ϕZ/2 < X < −Z/4 and IO when
The following exact sum rule is obtained [49] :
Analysing the mass splittings we observe that the hierarchies that reproduce the experimental values are |X| |Y | |Z| for NO and |Z| |Y | |X| for IO, which do not correspond to any symmetry argument. Hence, we do not discuss them further. The Majorana phases are α = β = π for NO and α = 0, β = π for IO. Predictions for the lightest neutrino mass can be obtained from the Majorana masses and the sum rule in Eq. (3.28):
Now we explore the see-saw mechanism considering a trivial structure of the Majorana mass matrix, M M = M P 23 with P 23 as in Eq. (2.6), and the same representation for the SU (2) L doublets and singlets, see Figure 5 . The lagrangian responsible for the Dirac mass matrix is
where Λ is the UV cutoff and the Yukawa couplings are real. The form of M ν is fixed by symmetry to be as in Eq. (2.11) with {s, x, y, z} defined in terms of the following adimensional parameters:
As the relations among them are quite involved, we only report the expression for y here:
The relation between the internal angle and the vevs turns out to be tan 2θ ∝ (g + O(1)h i ), so g and h i are the relevant parameters to suppress θ and to get a small value of the reactor mixing angle θ 13 , see Eq. (2.16). Notice also that the parameter space is independent of the sign of {f, g} because both mixing angles and mass spectrum are invariant under the replacement {f, g, h r , h r,2 , h i } → {−f, −g, h r , h r,2 , h i }.
Mechanism II a-2:
Here we consider f = 0, or equivalently v 1 = 0 and Y 1 = 0, and a vanishing complex part of the vev of the 5 representation, h i = 0. Under these assumptions, the best fit value in Eq. (2.7) imposes g = ±(0.13h r − 0.09h r,2 ), so |g| is the adequate expansion parameter.
Inspecting the mass spectrum, we observe that both hierarchies are allowed: Mechanism II a-2: g = f = 0
In this case we remove the contributions from the singlet and the triplet and the only flavon acting is in the 5 representation. Then, the parameter h i must be the smallest one in order to obtain a compatible value of the reactor mixing angle. Here the LO mass matrix M ν is the same as in the previous case with h i = f = 0 and therefore mass orderings, the sum rule Σ and the Majorana phases can be read from the equations above. Mechanism II a-2:
This case is similar to the Weinberg operator with z = 0 discussed in Section 3.1, indeed the z mass matrix parameter is z = O(g 2 ) when h r = 0. The reactor mixing angle imposes g ≈ ∓(0.22f + 0.09h r,2 ) in the best fit point, so |g| |f |, |h r,2 | and m 1 = m 2 in the LO approximation. In this scenario only NO is allowed, provided that h r,2 < 0 ∧ 2/3h r,2 < f < 
The Majorana phases are both vanishing. As in Mechanism I z = 0, a large spread for k is obtained when the ansatz f = k h r,2 is assumed: k may go from k = −1/ √ 6 to k ≈ −7/22. A particularly good value that accomodates well the reactor angle and the mass ratio is f ≈ −7/20 h r,2 , for which Mechanism II a-2: g = h r = 0
In this case Eq. (2.7) and the relation h i = ±0.19h r,2 give the correct value for θ 13 ; thus, we can expand the observables as a series in the parameter h i . At LO the mass spectrum, the sum rule for the neutrino complex masses and the Majorana phases are the same as those obtained in Section 3.3 for h i = h r = 0. However NLO corrections introduce some differences in the value of the solar mass splitting. We find out that in this scenario only NO is allowed when h r,2 < 0 ∧ f < 2/3h r,2 or h r,2 > 0 ∧ f > 2/3h r,2 . The linear correlation f = k h r,2 tell us that k living in the region k 170 reproduces the experimental value of r 1 in the 3σ confidence region. The limit k → ∞ (which corresponds to O(10 3 ) in our following scan) gives rise to a degenerate mass spectrum at LO,
, whereas the value k ≈ 20 is a quite good ansatz since we get r 1 ≈ 1.14 sin 2 θ 13 .
As for the case of h i = h r = 0, the relation for the sum of the neutrino masses as a function of r 1 , ∆m 2 21 and θ 13 is rather cumbersome so we only report the following lower bound: Due to the spread in k we get the lower bounds
In the vev language h i = h r,2 = 0 corresponds to x i = x r,2 = 0. The experimental value of θ 13 is reproduced for g ≈ ±(0.13h r − 0.22f ), which satisfies our criteria discussed after Eq. (3.33). The IO is the only hierarchy allowed in this case when f < 0 ∧ 2
6f . In the limit |g| |f |, |h r |, the following sum rule arises:
Since the coefficients in front of the masses are numbers of O (10) 
Mechanism II c-2
In this realization we consider a Type I see-saw mechanism with the right-handed neutrinos and the lepton SU (2) L -doublet transforming in different triplet representations of A 5 . The lagrangian responsible for the Dirac mass is
where Λ is the UV cutoff scale. The heavy Majorana mass matrix is trivial, so the three right-handed neutrinos are exactly degenerate. As before, M ν is given by Eq. (2.11) where the {s, x, y, z} parameters are non-trivial combinations of the adimensional parameters
The expressions are rather complicated and we only report the one associated with y here
The angle θ is related to the vevs by the relation tan 2θ ∝ (h i + O(1)f r ), which means that we would need h i and f r (↔ x i and y r , in the vev language) small compared to the other vevs to reproduce the reactor angle. Notice that the case h i = 0 is equivalent to φ ν,5 invariant under Z 2 ×Z 2 ×CP, while f r = 0 corresponds to φ ν,4 invariant under Z 2 ×Z 2 ×CP. For all the cases discussed in this section, the Majorana phases are vanishing.
Mechanism II c-2:
In this case we observe that the only symmetry-motivated possibility to get a small θ 13 is to have a small f r . The masses of the light neutrinos are obtained from Eq. (2.24) with the conditions h i = f i = 0. The solar mass squared difference is proportional to h
and thus a small value of the solar splitting can be achieved for h r ≈ ±h r,2 . In this case the parameter z in the neutrino mass M ν is such that z = O(f 2 r ) = O(y 2 r /Λ 2 ), a situation rather similar to the Weinberg operator with z = 0 discussed in Section 3.1. Both orderings are allowed: NO if h r < 0 ∧ h r (ϕ − 2) < h r,2 < −h r or h r > 0 ∧ −h r < h r,2 < h r (ϕ − 2) and IO if h r < 0 ∧ h r < h r,2 < h r /(2 + 3ϕ) or h r > 0 ∧ h r /(2 + 3ϕ) < h r,2 < h r . The sum rule is the same as in Eq. (3.34) and we have verified that the coefficient in front of the sin 2 θ 13 term is proportional to (h r − h r,2 ) ≈ m 3 /m 0 , thus we expect that the sum rule works better in the case of IO. Using the fact that h r ≈ ±h r,2 , simplified expressions for θ 13 can be inferred Mechanism II c-2:
In this case the Dirac mass is exclusively generated by the flavon in representation 5. The mass spectrum, sum rule and mass splittings at LO are the same as in the previous case with h i = f i = 0 in Section 3.4, so we omit the discussion but recall the conclusions for the ordering: for NO h r ≈ −h r,2 and for IO h r ≈ +h r,2 . In these limits IO :
In this scenario, to get θ as in Eq. (2.7), we need small f r . Examining the mass spectrum we conclude that this case is only compatible with NO, provided that h r,2 > 0 ∧ f i < −h r,2 /2 which contains a large undisplayed numerical coefficient in front of the sin 2 θ 13 term so that large NLO corrections may arise. For the solar mass splitting we find ∆m
Note that this is also the limit of z = O(f 2 r ) in the neutrino mass matrix M ν , as in the previous case. Then:
=⇒ f r ≈ ±1/50 h r,2 (3.85)
to reproduce sin 2 θ 13 = 2.206×10 −2 . The mass spectrum is well approximated by m 1 /m 2 ≈ 1 and m 3 /m 2 ≈ 9/5 and additionally we have
Notice that the value in Eq. (3.86) lies in the limit given by Planck ⊕ BAO in [45] for the sum of the neutrino masses. Finally,
In this limit, the neutrino mass matrix M ν is exactly the same as in the previous case. At LO the solar and the atmospheric mass differences coincide with those of Section 3.4 with h i = h r = 0. Also the relation f i = kh r,2 , invoked to get the ratio r 1 compatible with the data, requires the same k ≈ −1/2 √ 3. This in turn implies that 
In this realization Eqs. (2.15) and (2.16), expressed in terms of the adimensional parameters in Eq. (3.66), show that |f r | 1 in order to get a small reactor angle. The LO expressions for the mass differences are related to the ones of the previous case replacing h r,2 → h r , f i → −f i . Both orderings are allowed: NO when h r > 0
and IO for h r < 0 and 6f i > − √ 3ϕh r or h r > 0 and 6f i < − √ 3ϕh r . However, we check in our numerical scan that the IO case is realized at the prize of having all the non-vanishing vevs at the same order of magnitude, which does not have a clear symmetry argument behind it. The sum rule in this case is
where, as in the case h i = h r = 0, the coefficient in front of sin 2 θ 13 is large and we have to contemplate significant NLO corrections. Also to obtain a relation among h r and f i , NLO terms to the ratio r 1 expressed as a series in sin 2 θ 13 are needed to be considered. Fixing both r 1 and θ 13 to their best fit values we get h r = 2 √ 3f i . In this limit, the NO spectrum is dictated by m 1 /m 2 ≈ 1 and m 3 /m 2 ≈ 9/5 and the reactor angle is approximated by
to obtain a value compatible with the data. Finally, still considering the relation in Eq. (3.94) for the vevs, we get
Note that the prediction for the sum of the neutrino masses in Eq. (3.95) is in the limit provided by Planck ⊕ BAO in [45] .
Mechanism II c-2: f r = h r,2 = 0
In this case M ν has the same LO structure as the previous case in Section 3.4 with h i = h r,2 = 0. Equal predictions for the mass spectrum and Σ are obtained. As before, a natural suppression of the ratio r 1 is achieved for f i = kh r with k ≈ 1/2 √ 3. Under this ansatz, the reactor mixing angle is
to obtain sin 2 θ 13 = 2.206 × 10 −2 . In this specific limit, the mass spectrum is constrained to be m 1 /m 2 ≈ 1 and m 3 /m 2 ≈ 9/5. The value of the total sum of the neutrino masses and the effective masses are 
Numerical results
In this section we study numerically the realizations analysed before. We inspect the accuracy of the results presented in Section 3, which have been computed using perturbation theory, and provide additional information about the allowed range of values for the effective masses. The numerical scan is performed as follows: first, the parameters of M ν are randomly generated with a flat distribution in the range [−1, +1]; then, for those points whose observables remain in the 3σ region, we compute the χ 2 for the permitted orderings, as defined in Appendix D, with the additional constraint j m j ≤ 0.12 eV 10 ; finally, we extract the minimum for each case and collect all the results in Tables 3−6 . We also report the χ 2 for those cases which could not be expressed as a series in the natural small parameter and we marked them with . The contributions due to the mixing angles χ 2 a and the mass splittings χ 2 m are specified too.
Accuracy of the perturbative results
The goodness of the perturbative expansions are evaluated using the following associated error defined for a given observable q:
The superscript Full refers to the full numerical evaluation obtained in the numerical scan while (N)LO refers to the order of the analytical expansion of the observable q. We comment the obtained results for each case.
Mechanism I
The correlations between the parameters in the cases z = 0, x = 0 and s = 0 are confirmed to a very good accuracy. The perturbative estimates of the reactor angle and the ratio r in all three cases show a good agreement with the full numerical results at the level of ∆ ≈ 10% − 20%.
Mechanism II a-1
For the case Z = 0 we confirm the existence of the two correlations S ≈ X and |S| |X|. The corrections to the analytical expression of r 1 and θ 13 given in Section 3.2 turns out to be roughly 10% for both observables. For the case X = 0, the three different correlations between S and Z have also been found numerically. We do not observe any specific distribution of good points in the plane (r 1 , sin 2 θ 13 ). This also reflects on the fact that the NLO corrections, especially to r 1 , are not completely negligible; in fact, |∆r 1 | ≈ 50%.
10 As indicated throughout the text, some of the studied cases present some incompatibility with the constraint from Planck ⊕ BAO over the sum of the light neutrino masses. For completeness, we keep their results in the tables and comment it when opportune.
Mechanism II a-2
For all subcases discussed in the analytic part, there is a good agreement with the estimate of sin 2 θ 13 at the level of ≈ 10%. There is also a general trend of a not so good perturbative estimate for both ∆m 2 21 and r; the comparison with the numerical computation shows that the LO estimates are generally off by more that 50% and only the inclusion of NLO terms (always giving rise to cumbersome expressions, not shown in this paper) reduces these discrepancies down to ≈ 10% -20%. Finally, the numerical simulation reveals that h i = h r,2 = 0 with NO is also possible provided that |h r | |g| |f |. However, this hierarchy is not justified by any symmetry argument.
Mechanism II c
As a general remark, the LO expressions found for θ 13 are in very good agreement with the numerical results, the largest discrepancy being ∆ sin 2 θ 13 ≈ 30 − 45% for the case f r = h r,2 = 0 whereas r suffers from large corrections in all studied cases; the discrepancy at LO is at the 60% level on average (but only ≈ 5 − 15% for the case f r = h r,2 = 0) and it is strongly reduced after NLO corrections are taken into account, where only a small 5-10 % discrepancy remains.
Predictions for m β and m ββ
In this section we report the numerical estimates for m β and m ββ for each of the mechanisms studied before. We show m ββ as a function of m min and m β . The excluded region for m ββ in both planes corresponds to m ββ ≥ 0.11 eV @90% CL, a limit obtained from the decay half-time of 130 Te with the combined results of CUORE [48] , CUORE-0 [50] and Cuoricino [51] [52] and [53] ). The bounds on m min can be obtained from the recent analysis of the Planck collaboration [45] : m min < 0.09 eV (Planck) and m min < 0.04 eV (Planck ⊕ BAO). For m β , we indicate with a vertical red dashed line the expected sensitivity for the KATRIN experiment: 0.2 eV @ 90% CL [54] .
Mechanism I Figure 1 shows m ββ as a function of m min (left panel) and m β (right panel) assuming s = 0, x = 0 or z = 0. Our analytic results in Section 3.1 are in agreement with the numerical evaluation. We also show the results for the case s = 0 assuming NO, even though a natural perturbative expansion in the small parameter y was not possible. We confirm that the predictions in case z = 0 are not compatible with current data on neutrinoless double decay (high mass region) [48] and the latest combined limit from Planck ⊕ BAO (low mass region) [45] . Also the case x = 0 is not consistent with the Planck ⊕ BAO limit on the sum of the light neutrino masses. On the other hand, s = 0 (NO) could be proved in the near future with more stringent bounds coming from cosmology. Similarly, future sensitivity of m ββ ≈ (0.01 ÷ 0.05) eV will allow us to confirm or reject the s = 0 (IO) realization.
Conversely, our preditions for m β are far from the expected reach of the KATRIN experiment. Mechanism II a-1 Figure 2 is devoted to Mechanism II a-1, where we also report the case S = 0 that was not discussed analytically since it is not related to patterns with a natural hierarchy among the vevs. The predictions for the various cases are in agreement with our numerical scan. The case Z = 0 with |S| |X|, part of which lies in the m ββ exclusion region, can be completely discarded making use of the latest Planck data [45] , as already outlined in Section 3.2.
Similarly, we find out that S = 0 (IO) is not compatible with the combined bound from Planck ⊕ BAO. Instead, the results obtained for Z = 0 with S X, X = 0 and S −Z/4 could be probed in the following years by neutrinoless double beta decay experiments and improved data from cosmology. The rest of the cases associated with X = 0 and S = 0 (NO) are beyond the expected sensitivity. For m β , only the case |S| |X| is close to the KATRIN sensitivity.
Mechanism II a-2
Mechanism II a-2 contains six different realizations, although the cases with g = 0 or h i = 0 are almost degenerated in their predictions for the effective masses when considering h r = 0 and h r,2 = 0. Then, we omit them in the labelling. Indeed, experimentally, these two pairs of situations might not be distinguishable. We observe that the case h r = 0 gives rise to results that are similar to those from z = 0 in Mechanism I. Current limits from Planck ⊕ BAO are not compatible with this scenario. On the other hand, future sensitivity in m ββ could help in proving the cases that predict IO, namely those involving f = 0 and h r,2 = 0. All the analytical predictions discussed in Section 3.3 are very well confirmed by these numerical results.
Mechanism II c
This mechanism, discussed in detail in Section 3.4, contains six possible set of the vacuum alignments, although considering h i = 0 or f r = 0 give almost equal predictions for the effective masses. Therefore we omit them in the labelling. The results (in agreement with our analytical predictions) are shown in Figure 4 . We observe that further data from cosmology and 0νββ decay experiments could be sensitive enough to prove or discard those realizations for h r = 0 and h r,2 = 0, which predicts NO. Also the scenario with f i = 0 (IO) could be tested with future data from neutrinoless double beta decay. On the other hand, our estimations for m β remain far from the expected sensitivity of KATRIN.
Summary
We have analysed all possible neutrino mass realizations under the flavour group A 5 × CP spontaneously broken to two residual symmetries in the neutrino, G ν = Z 2 × CP, and charged-lepton sector, G e = Z 5 . This framework reproduces the phenomenology of Case II in [12] . In the considered basis, the charged leptons are diagonal and the U PMNS matrix is exclusively given by the rotation to the mass basis of the neutrino states. Then, the structure of neutrino mass matrix, the U PMNS and the flavon vevs are completely fixed by the residual symmetry and have been computed according to it in Sections 2.1 and 2.2. In Section 3 we have derived analytic estimates for the most important parameters related to neutrino phenomenology: mass spectrum, squared mass differences, sum rule, mass ratio, effective masses and Majorana phases. When possible, simplified relations among parameters computed with perturbation theory were provided, in order to capture the dominant effects. The allowed orderings and correspondent relations among vevs have also been presented. This has been performed for a set of realizations that cover all possible ways of generating neutrino masses, under the assumption of single type of particles added to the SM. They are: Mechanism I, which groups the Weinberg operator and type II see-saw, and Mechanism II, consisting of type I and III see-saw. The last case was divided in two subcases: Mechanism II-1, considering a trivial Dirac mass matrix, and Mechanism II-2, where the Majorana mass matrix was trivial. Each of these cases was analysed putting one or more flavon vevs equal zero. This approach is equivalent to leave out some of the flavons in a model or, if not, it can be always arranged through a suitable vacuum alignment. Finally, Section 4 was devoted to a numerical scan where the χ 2 analysis was performed. The results have been shown in Tables 3−6 and the contributions coming from the mixing angles and mass splittings have been specified. The observed common trend was a significantly worst fit for the mixing angles compared to the one for the mass differences. In Section 4.1, the accuracy of the analytical expressions derived before has been evaluated and we have found a general good agreement, except for some cases where the inclusion of NLO corrections was essential to reduce the discrepancies with the numerical predictions. Finally, Section 4.2 has been devoted to display our estimations for the effective masses m β and m ββ . We notice that some realizations are expected to be tested thanks to 0νββ experiments and cosmological constraints in the next years. On the other hand, as already expected from the analytic results, Mechanism II a-2 and II c-2 showed a great degeneracy in the predictions of some of the cases and the prospect of distinguishing among them relies on having an improved knowledge of m min from future cosmological experiments. where X is the CP matrix for the representation r ∈ A 5 . In the following we report only the Kronecker products in the case of X = X 0 which differ from the results quoted in [37] . We assign a = (a 1 , a 2 where c ≡ cos θ ij and s ij ≡ sin θ ij . All the angles are in the first quadrant θ ij ∈ [0, π/2]. Here δ is the Dirac CP phase, α and β are the Majorana phases. The mixing angles can be extracted using the PMNS matrix element as Notice that the Dirac phase δ has a physical meaning only if all mixing angles are different from 0 and π/2. The Majorana phases can be extracted from the numerical PMNS mixing matrix taking into account the unphysical phases described by the diagonal matrix diag{exp iδ e , exp iδ µ , exp iδ τ } that multiplies the U PMNS from the left. Those can be eliminated with a redefinition of the charged lepton fields. A similar procedure is discussed in [58] using a different parametrization for the PMNS matrix. We can obtain the Majorana phases as α = 2 arg U 12 U 11 β = 2 arg 
C Equivalence among mechanisms
Here we show that some of the cases collected in Figure 5 turn out to be equivalent to others in the sense that their phenomenology is the same under a redefinition of the model parameters.
• Weinberg operator and type II see-saw. Neglecting flavour indices, the Weinberg operator may be written as Table 5 : Minimum of the χ 2 in the case of Mechanism II a-2. The cases associated with h r = 0 are not compatible with the latest combined bound from Planck ⊕ BAO but only with the Planck limit [45] .
where m j are the absolute values of the light neutrino masses and α and β are the Majorana phases, see (B.1) for our PMNS convention. In particular, sum rules can be derived for our models. In general the masses appear asm Table 6 : Minimum of the χ 2 in the case of Mechanism II c-2. The cases h i = {h r , h r,2 } = 0 (NO) get a substantially worse fit compared to other cases due to the latest combined bound from Planck ⊕ BAO. The case h i = h r = 0 (IO) is not compatible with the Planck ⊕ BAO bound, but only with the Planck limit.
